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ABSTRACT

We investigate minimal irregular p-groups, and derive several criteria for
regularity as a consequence. For example, a p-group is regular if all its sub-
groups have “few” generators. It is also shown that for varieties, regularity
is equivalent to “good” power structure. We close with some examples.

In this note all groups are finite p-groups. In [8] (henceforth to be referred
to as I) we have defined such a group P to be minimal irregular if P is irregular,
but all proper sections of P are regular p-groups. Then every irregular group
involves some minimal irregular group; therefore, investigations of minimal
irregular groups yield criteria for regularity. Continuing I, we further investigate
minimal irregular p-groups, and derive some criteria for regularity. Some of
these criteria are:

If the (finite p) group G has ““many’’ regular factor groups, then G is regular (see
Proposition 2).

If all subgroups of G’ can be generated by 4 (p—1) elements, then G is regular
(Proposition 3).

If in G, and also in all groups in Var G, products of elements of order p again
have order p (or products of p’th powers are p’th powers) then G is regular
(Theorem 7).

Minimal irregular groups were investigated also by P. M. Weichsel [10] and
J. R. J. Groves [5]. In particular, it is proved in [5] that such a group has class
¢(p) at most (improving the bound ¢(p) + 1 of 1), where ¢(p) is the maximal class
possible for a 2-generator finite group of exponent p. In Section 4 we give some
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examples of minimal irregular groups which show that such groups exist of all

classes between p and ¢(p).
Notation and terminology follow I, familiarity with which is assumed. In

addition, we use Var G for the variety generated by the group G, C, for the cyclic
group of order n, and call a group G V-regular if all finite groups in Var G are
regular. Recall also that ¢(p) was defined in the previous paragraph.

1.
The first criterion is just a better formulation of Corollary 1 of I.

PROPOSITION 1. Let G be a finite p-group of exponent p°. Then G is regular
if and only if all sections of exponent p* of G x C,. are regular.

ProoF. Certainly if G is regular so are G x C,,, and all its sections. Assume G
is irregular. Then G has a minimal irregular section P, say, of exponent 7, f=e
Let P;,i=1,2, beagroup isomorphic to P under an isomorphism x <« x; (xeP,
x; € P)) By the proof of Theorem 2 (h) of I, H/t5,(H) is irregular, where

H = {(a;,a,), (bs,u)) S Py X P,

a, b are appropriate generators of P, and u is an arbitrary element of P’. Choosing
u=1, we have H = P; x {a,); ] {ayy ’ =p =<(ay) s C,e s0 H[5,(H) is an
irregular section of exponent p* of G x Ce.

The next result shows that the class of regular groups possesses a closure property
similar to (but weaker than) subdirect closure (which regular groups do not enjoy).

PROPOSITION 2. Let G be a finite p-group. Assume G contains a central
elementary abelian subgroup N of order p?, such that G/M is regular for all
{1} # M =N Then G is regular.

ProOF. We use induction on I G]. Let H be a proper subgroup of G. If H 2 N
then H is regular by induction. If H 2 N, there exists an M < N with ]M] =p
such that H 2 M, and then H & HM/M < G/M is regular. Next, let {1} # K< G
IfK NN # {1},then G/K isregular, being an image of GGK N N.IfKNN = {1},
then G/K and NK/K satisfy the assumptions of the proposition. Thus all proper
sections of G are regular. If G is irregular, it is minimal irregular, which is
impossible since G contains more than one minimal normal subgroup.

PROPOSITION 3. Let G be a finite p-group. If all subgroups of G' can be
generated by 1(p — 1) elements, then G is regular.
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ProoFf. By induction, we may assume that G is a minimal irregular group.
Let clG = ¢, and let H = G,.1_1;3(p+1)- Then H is abelian of order at least
p'2®*Y Since G, is of exponent p, H is elementary abelian, and so H has a
least 1/2(p + 1) generators, a contradiction,

COROLLARY 4. Let G be a finite p-group, for p 2 5. If G’ can be generated by
2 elements, then G is regular.

Indeed, a result of Blackburn [1, Th. 1] shows that in this case, all subgroup
of G’ can be generated by 2 elements, and Proposition 3 applies. (This corollary
follows also from Hall’s criterion [7, III. 10. 13]).

For 3-groups, Proposition 3 reduces to the well-known result that groups with
cyclic commutator subgroups are regular. Moreover, any 3-group of maximal
class and order at least 3° has all its subgroups generated by two elements, but
is irregular [ 7, 1I1. 14. 17 and 14. 22].

In I, we have shown that a finite p-group G is regular if, for all 2-generator
subgroups H, clH/[5,(H) £ p~ 2. (In Corollary 2 and Theorem 2(c) of I, it is
misprinted Q, instead of 5). An alternative formulation for this criterion is:

A finite p-group G is regular if all 2-generator sections of G of exponent p
have class p — 2 at most.
Still another way of writing this condition is

(A) H, | € U,(H)

where H varies over all 2-generator subgroups of G. Inclusion (4) is formally
similar to the inclusion (H as before)

(B) H, < p,(H,)

which also implies regularity. Indeed, assuming (4) and knowing that G is regular,
we have, by [7, I11. 10. 8 (a)]

Hp = [Hp—l’H] S [UI(H)aH] = UI(HZ)
so (A) implies (B). We now consider conditions “‘dual’’ to (A) and (B).

PROPOSITION 5. The finite p-group G is regular, if it satisfies either (C) or (D)
below, where H varies over all 2-generator sections of G.

(©) Q(H) = Z,_ ,(H)
(D) Q(H|Z(H)) = Z,,— ((H).

Proor. Condition (C), of course, implies both (A) and (D), so we consider
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only the latter. Now if P is a minimal irregular p-group, then P = Q,(P mod Z(P)),
P # Z,_((P) so G does not involve P, and hence G is regular.

2.

Let P be a minimal irregular group. By I, P satisfies the law

M (x[y,2])" = x*
which implies (e.g. by taking x = y)
(2) [xP,z] = L

Let F be the free group on two generators, a and b, in Var P.
LetZ = <af, b?> cZ(F)andlet p° = exp P = exp F. Then Z is a 2-generator
abelian group and expZ = p°~'. In the epimorphism
F—>F|F' = Cpex Cpe
Z is mapped onto Cpe-1 X C,e-1, which implies
zZ =~ Cp.—x X Cpe—l, ZNF' =1.
If (F) NF' = {1}, then F is a subdirect product of a group of exponent p
and an abelian group, and F is regular. Thus Z # t5,(F). Now we have
O(F) = Gu(F)F' =ZF', 5(F) = Z x (5,(F)N F’)
OUF)SZ(F) S ®O(F), Z(F) = Z x (Z(F)N F’).

(If Z(F) & ®(F), we can find two generators for F, one of which is in Z(F), so F

is abelian.) By (1) F’ has exponent p, so g5,(F) N F’ and Z(F) N F’ are elementary
abelian. Also

F' =Q,(F) = F' x Q,(2).
We have proved

PROPOSITON 6. @5,(F) and Z(F) are direct products of at least three cyclic
subgroups, of which two have order p°~ ! and the others order p. Also F|Q,(F)
2Cpe_i x C

Regular groups have ‘‘nicely behaved’’ power structure. This, however, does
not characterize regular groups. Thus direct products of regular groups, or weakly
regular groups, have similar properties. We show now that on the level of varieties,
““good”’ power structure is equivalent to regularity.

pa—l.

THEOREM 7. Let G be a finite p-group. Then the following are equivalent:
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G is V-regular.

For all He Var G, Q(H) contains only elements of order p (or 1),
For all He Var G, g5,(H) contains only p’th powers.

For all finite He Var G, | 5,(H)| = | H:Q,(H)|.

e oPp

Proor. If G is V-regular, (b), (c) and (d) are all well-known properties of
regular groups. Assume G is not V-regular. Then, for each of the statements (b)
(c), (d), we have to find an H e Var G which violates this statement.

Var G contains some minimal irregular group P, hence some free group F of
the type discussed in Proposition 6. By this proposition, F violates (d).

F/[Z is generated by aZ and bZ, which have order p. Since t5,(F) & Z, F/Z does
not have exponent p. Thus F/Z violates (b).

Assume that F satisfies (c). Then a?b” = ¢? for some ce F. Write ¢ =w(a,b)
asa word in a, b. Then Var F = Var P satisfies the law
3 xPy?P=(o(x, y)).

Write w(a,b) = a'b’u, where ue F'. Then (3) and (1) imply
)] xPy? = (xiyi)p_

LetexpF = exp Var F = p°, and substitute in (4) x = 1 or y = 1. We get

XPo=xP=i=14kpl yp=yP=j=1410p
Then (2) and (4) yield
&) XPyP = (xy x*71 Pty = (xp)P

so F is p-abelian and regular, a contradiction. Therefore F violates (c).

We give two further results concerning varieties.

PROPOSITION 8. Let G be a 2-generator finite p-group satisfying (1). Then
every proper subgroup of G is p-abelian (hence regular).

ProOF. We have |G: ®(G)| = p2. Let H be a maximal subgroup of G, and let
ae H be such that H = <a, ®(G)>. Let b, ce H. Then

b = auw,, c = a'u,; u;,u,€5:(G); v,0,€G.

Notice that G satisfies (2), so u,,u, € Z(G). Then

(be)? = (@ uu,v¥ v,) P = a0y Py P

= a'Pu,Pa’Pu,? = bPcP.
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PROPOSITION 9. Let P be a minimal irregular group. Then VarP can be
generated by a cyclic group and a minimal irregular group of exponent p?,

ProoOF. Let expP = p°. We construct H as in Proposition 1, so that we have
(where C = C,.)

HcP x C, H[{5,(H) is irregular.
By its construction, H is a subdirect product of P and C, so
VarH = Var(P,C) = Var P.

Choose N <a H maximal such that N 2 ¢5,(H) and H/N is irregular. By Pro-
position 8, H/N is a minimal irregular group. We consider H, N and P as sub-
groups of P x C. Assume NN P # {1}. Then NN P 2T, T being the unique
minimal normal subgroup of P, since N N P<a P. But then

HIN ~ H/T/N/T, HT<=(PxC)T 2P|ITxC
and P/T x C is regular. Thus
NNHNP)=NNP = {1},
Also, HHHN P = C, and so
VarP = VarH = Var(H/N,C).

3.

DEFINITION. Let Q be a finite p-group. Q is an s-minimal irregular group if
Q is irregular, but all its proper subgroups are regular.

If P is minimal irregular, and F is free of rank 2 in Var P, then by Proposition 8
F is s-minimal irregular. By Proposition 6, F has more than one minimal normal

subgroup, so F is not minimal irregular.

PROPOSITION 10. Let Q be an s-minimal irregular group. Then Q has two

generators, and Q[t5,(Q’) is also s-minimal irregular.

PROOF. An irregular group must have a 2-generator irregular subgroup, hence
Q has two generators. Let a,be Q. If <a,b> # Q then

(aby? = aPb?c?, ce <a,b>'
since <a, b>> is regular. Assume that Q/t5,(Q") is regular, and that <a,b> = Q.
Then
{ab)y? = a?b?c?d, ceQ’, de5:{Q").
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Because Q' is regular, we get
cfdey(Q'), (ab)? = aPbPe?, ec Q' = <a,b>'

and Q is regular. Therefore Q/t5,(Q’) is irregular and, with Q, it has all proper
subgroups regular. Notice that Q/t5,(Q’) has a derived group of exponent p.

ProposITION 11. Let Q be an s-minimal irregular p-group. Assume that
expQ’ = p, and let c1Q = c. Then

a. Q can be generated by two elements.

b. Q satisfies (1) and (2).

¢. U <SZ(Q) sWQ); Z.-1(Q) = VD).

d. All proper subgroups of Q have class less than c.

€. Q is p%-abelian.

f. ¢ = cp).

g. A 2-generator group in Var Q is either regular or s-minimal irregular.

Most of these statements are proved in Theorem 2 of I. Proposition 8 implies (g),
while (f) follows from (1) and Lemma 2.1 of Groves [5].

We note that (d), for minimal irregular groups, follows also from [ 6, Corollary].
We give now a slightly sharper result, which implies (d) in all cases.

PROPOSITION 12. Let G be a 2-generator finite p-group of class c. Then
Z,_(G) =B(G).

expG/Z,_(G) = expG.,.

If Z._(G) =®(G), all proper subgroups of G have class less than c.
If H < G, then H, =5:(G,).

Ao g P

Proor. If Z._,(G) £ ®(G), we can find generators, a and b, for G with
a€Z._(G). Then all ¢-fold commutators in a and b are 1, and clG < c.

Since ¢1G = ¢, we have, for ay,---,a,€G, [ay,a,,-,a,]"° = [a,", a5, ,a,]
which implies (b), while (c) is proved as in Theorem 2(e) of 1. By (b),
Z._4(G) = ®(G), which is equivalent to ¢5,(G) < Z,_,(G), is equivalent also to
exp G, = p. Applying this fact and (c) to G/¢5,(G.), one gets (d).

A corollary of (d) is that 2-generator p-groups are s-critical, since all proper
subgroups satisfy the law [x,,--,x,]?°"" = 1 (p° = exp G.) which G does not
satisfy. This fact was already noted by P. M. Weichsel [9, proof of 4.1], and it
follows also from [4, Corollary 2].
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4.

Let B(p) be the largest 2-generator finite group of exponent p, and let
¢(p) be its class. For a given p < ¢ < ¢(p), let B = B(p,c) be B(p)/B(p).+1-
Let D be the wreath product of two cyclic groups of order p. Let B(p,c) = <a,b>
and D = <c¢,d >, where ¢ and d have order p. Let

H = <(a,c), (b,d)>> < B xD.
Then H is a subdirect product of B and D. H is of class ¢, irregular (with D),
and s-minimal irregular, by Proposition 8. Let N = ¢5,(H), then
N#{1}, Neg,(BxD)=p,D)=C,=|N|=p.
As H is generated by elements of order p, any regular factor group of H is of
exponent p, so for K< H:
(E) H/K is regular <> K 2 N.

Now for all L<t H, H/L has all proper subgroups regular, so H/L is a minimal
irregular group if and only if H/L is irregular, but all proper factor groups of
H/L are regular. By (F),

(F) H/L is minimal irregular <> L is maximal w.r.t. LN N = {1}.

The next lemma will show that at least for one such L, clH/L = c, and so

there exist minimal irregular groups of all classes ¢ for which p < ¢ < ¢(p).

LEMMA 13. Let G be a finite p-group, and N a minimal normal subgroup.
Let & = {L<aG|L is maximal w.r.t. L\ N = {1}}. Then the intersection of
all members of & is trivial.

PrOOF. We use induction on IGI First, if N is the unique minimal normal
subgroup of G, then.# = {1} and the result is trivial. So let M be another minimal
normal subgroup of G. Let (M) = {Le¥ IL 2 M}. Then (M) = {L< GIL/M
is maximal in G/M w.r.t. LIM N NM/M = {1}} so by induction

M = NL(LeZ(M)).

But NM contains also a minimal normal subgroup, M, say, distinct from both
N and M. Then we find that also M, is the intersection of certain members of
Z, and so

NLLe¥)s MNM, = {1}.
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If we replace D by any other minimal irregular group, the preceding construction
still yields minimal irregular groups, provided we replace {5,(B x D) by the verbal
subgroup corresponding to the word (xy)’y~Px ~F. Moreover, by [5, 2.2], if we
let D vary over all minimal irregular groups which are metabelian and (hence)
of class p, our construction yields all minimal irregular groups.

Groves’ result just referred to focuses attention on minimal irregular groups
which are metabelian, of class p and exponent p2. We now describe a construction

for such groups.

Let G be the group
<a’bycij (i,j=1,2,"‘,P“'1) a’ = bf = 65 = 1’ [baa] = C11,

[cij’a] = Ci,j+1(j = 1’ P —'2)5 [cij’b] = ci+1-j(i = 1,"',17_2),
[Ci,p-ua] =1, [e,-1;0] =1, [ejycu] = 1D.

By [2, 2.1]

|G| = p**®~ V% |G| = p® V%, G, = (ey|i+j 2 k.
For1 £k<p—1,let
N, = (eijli>k or i>p—k).
Then N, < G, and P = G/N, satisfies

P, =Z(P) = {tp-1Ni>, Pp+1 = 1.

P is irregular, since regular metabelian p-groups with 2-generators and derived
groups of exponent p have class less than p (e.g. [3]). Since P, is the unique
minimal normal subgroup of P, all proper factor groups of P have class less
than p, and so are all proper subgroups of P, by Proposition 12. Thus, P is a
minimal irregular group, of order p*>**"P~® [n particular, a metabelian minimal
irregular p-group of exponent p? is not necessarily of maximal class.
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